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In this paper a solution to van der Waerden’s problem is presented. It is 
hoped that the solution of this problem will stimulate new and vigorous 
interest in the theory of permanents and related topics. Permanents are ideal 
objects of study, having both practical applications and abstract 
mathematical problems. Problems involving permanents tend to be easily 
stated, but only solvable using deep methods. The theory of permanents, as 
an independent branch of mathematics which has developed parallel to the 
theory of determinants, is far from exhausted; many difficult questions must 
still be resolved. In particular, the problem of calculation and estimation of 
permanents for specific classes of matrices is of prime importance. 
The solution of van der Waerden’s problem makes use of the penetrating 
force of the method of mixed volumes from combinatorial analysis. Even 
Hilbert noted that there were connections to be uncovered between the theory 
of mixed volumes and other areas of mathematics. The method of mixed 
volumes is ideally suited to solving extremal problems and problems of 
uniqueness, and obtaining deep new inequalities. It is reasonable to assume 
that in the future the method of mixed volumes will stand with that of 
generating functions as one of the basic analytic tools of computational 
combinatorial analysis. 
Notation. 
per A permanent of the n x n matrix A 
sn symmetric group of order n 
a” set of all doubly stochastic n x n matrices 
J. n x n matrix, every element of which is l/n 
A W!) (n - 1) x (n - 1) matrix obtained from A by deleting the ith 
row and jth column 
jth column of A 
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A( l,j) x. Y  n x n matrix obtained from A by replacing the ith column 
by the n-vector x and the jth column by the n-vector y 
D(f, ,..., f,) mixed discriminant of the quadratic forms fi ,..., f,. 
By the permanent of the n X n matrix A = (aij) over the field of complex 
numbers we mean the expression 
A nonnegative square matrix is called doubly stochastic if the sum the 
elements in each row and each column is 1. A matrix A E fi, is called 
minimizing if 
x;r perX=perA. 
n 
This work gives a proof of the well-known conjecture of van der Waerden 
(Theorem l), proposed by him in 1926 [I]. (See also [2, p. 155, problem 11.) 
THEOREM 1 (solution of van der Waerden’s problem). 
I 
min perX=k. 
XEfl, n 
XER, and perX=$ ifand only if X = J,, . (2) 
Van der Waerden’s conjecture and various aspects of its solution are dealt 
with in many works. (See surveys in [2, 31; these include lists of solved and 
currently unsolved problems on permanents.) 
The solution given here develops an approach to the problem through the 
study of the structure of a minimizing matrix, following from the work of 
Marcus and Neuman [4]. However, in our solution we use only the following 
result of London [5] (see also [6]): if A is a minimizing matrix then 
per A(i/j) > per A for all i,jE 1, n. (3) 
Incidentally, in the course of the proof the conjecture of Marcus and 
Neuman ([3, conjecture 11; 2, conjecture 111) is decided positively: 
THEOREM 2. If A E f2, and inequality (3) holds then 
per A(i/j) = per A forall i, jE l,n. (4) 
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The solution is a direct consequence of Theorem 3, an inequality for 
permanents which is a special case of the well-known inequalities of 
Aleksandrov for mixed discriminants [7], which he used to obtain 
inequalities for mixed volumes of convex bodies in I?“. The geometric 
inequalities (5’) will be widely used in the theory of permanents and the 
theory of nonnegative matrices. The possibility of obtaining inequalities for 
permanents by exploiting their connection with Minkowski’s mixed volumes 
was mentioned by the author in [S]. The significance of inequalities (5’) lies, 
apparently, in the fact that the corresponding inequalities of 
Brun-Minkowski and Aleksandrov-Fenchel for mixed volumes can be used 
to solve many important extremal problems and problems of uniqueness. 
(See [9, IO].) 
1. GEOMETRIC INEQUALITIES FOR PERMANENTS 
Let D(f, ,..., $,) be the mixed discriminant of the quadratic forms& ,..., f, . 
(For the definition and properties of mixed discriminants see [lo].) 
THEOREM ([7, Sect. 3, Theorem; see also formula (27)]). 
(a) Let (f,& be positive definite quadratic forms and let g be a 
quadratic form. Then 
D’df,, . . . . fn-*,fn-,, g)ZD(f,,...,s,-*,f,-,,f,-,)D(f,,...,f,-2, g9 g). (5) 
(b) Equality holds in (5) if and only if g = l&, , for 2 constant. 
Since a nonnegative definite form is the limit of a sequence of positive 
definite forms, assertion (a) of the Theorem carries over to the case in which 
cfi)T;;;II-r are nonnegative definite forms. 
We note that 
where fi is the quadratic form with matrix 
THEOREM 3 (Geometric inequalities for permanents). 
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(a) Let (fih be n-vectors with nonnegative components and let g 
be an n-vector. Then 
~~er(f,,...,fn-~,fn-~,fn-~)Per(f,,...,f,-,, gT s>- (5’) 
(b) Let (fih be n-vectors with positive components and let g an n- 
vector. Equality holds in (5’) if and only if g = &, , for A constant. 
2. VAN DER WAERDEN'S PROBLEM 
Proof of Theorem 2. By the well-known theorem of Birkhoff, a matrix 
A E R, can be represented as a convex combination of permutation matrices; 
it follows that if A E 52,, then per A > 0. Since 
per A = c ski per A (W, 
k 
(6) 
the geometric inequalities (5’) for permanents 
per*A (Li 1 Lj)>perA (ii 1 ii)perA (ij 1 Lj), iT j=%% 
combined with the assumption (3) gives the following system of inequalities 
for the numbers perA(i/j); i, j= 1, n: 
Per2 A > 2 ski per A(k/j) 
k I( (7) 
per A(i/j) > per A, 
for all i, j E 1, n. 
We show that from (7) it follows that perA(i/j) = per A; i, jfZ 1, n. We 
assume the opposite-that there exists a pair r, s E 1, n such that 
per A(r/s) > per A. 
Since A E R, there is some t E 1, n such that a,( > 0. Then by (7), 
VAN DER WAERDEN’S PROBLEM FOR PERMANENTS 303 
Z (C aks Per 4W) (C ak, per A(W) 
k 
= 
( 
T  aksper A(k/t)) ( i akt Per A(k/s) + art per @fs) k=, 
k#r 
I( 
n 
C aktperA 
k=l 
= per* A, 
where the strict inequality follows from inequality (3), a,, > 0, 
per A(r/s) > per A, and per A > 0. The contradiction obtained proves the 
theorem. 
Proof of Theorem 1. Let A be a minimizing matrix. Then by London’s 
result, inequality (3) holds. From Theorem 2 it follows that if A is a 
minimizing matrix, then 
per A($) = per A, i, j = 1, n. (8) 
LEMMA ([ 5 I). Let A be a minimizing matrix, and let 
A’=A 
Then 
i 
i , j 
ai+ ai ai + aj - - 
2 2 
A’ is a minimizing matrix. (9) 
Proof. That A’ E a, is easy to see. The equality per A’ = per A follows 
immediately from (8), (6), and the fact that per A is a multilinear symmetric 
function of the columns of the matrix A. 
It is clear that a minimizing matrix cannot be (up to permutation of the 
rows and columns) a matrix of the form 
‘=(O! A;-,)’ 
whereA,_,ER,_,,sinceinthiscaseperA(l/l)=perA(l/i)=O,i=~,a 
contradiction. 
We show now that if A is a minimizing matrix then A = J,, which 
601/42/3-l 
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completes the proof of the theorem. Let some column of the matrix A, say 
a,,, be different from 
l/n 
i 1 : . 1;n 
Then by the lemma, replacing A by 
i .i 
A ! i Ui + Uj ai+uj ’ -9 2 2 
for i, j E 1, n - 1, i # j, leads us in a finite number of steps to a minimizing 
matrix A’ in which every component of the first n - 1 columns is positive 
and the nth column coincides with the nth column of the matrix A, i.e., 
A’ = (a;,..., a;- i, a,). This follows from the fact that A does not contain a 
1. From inequality (5’), 
By virtue of (8), we obtain equality in (IO). The positivity of the components 
a:,...,aL-, allows us immediately (the geometric inequality for permanents in 
the case of equality) to assert that a,, = ,&a;, i = 1, n. Since the sum of the 
components of the vector a;, and also of the vector a,, , is equal to 1, we have 
a, = a;, i = 1, n - 1. Since A’ E a,,, we have 
l/n I a,=a;= . . . =a’ 
n-1 
=a,= 
t 1 
; ) 
l/n 
a contradiction. Thus A’ = J,. The proof of the theorem is complete. 
Remark. In [4] it is shown that if A is a minimizing matrix, per A(i/j) = 
per A if ai, > 0 and if A is a positive minimizing matrix then A = J,. Using 
the method of proof of [4], the following result can be obtained (for 
reference to this result see, for example, [2, p. 101, problem 18; 11, ‘p. 921): if 
for every minimizing matrix condition (8) is satisfied, then van der 
Waerden’s conjecture holds. Hence it follows that the proof of Theorem 1 
can be completed at once after (8) is obtained, if the results of [4] are used. 
From the proof of van der Waerden’s conjecture given here, and the 
results obtained by a series of investigators under the assumption of the truth 
of this conjecture [2], a series of concomitant results follow. These results 
describe the geometric characteristics of permanents, as well as of 
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Minkowski mixed volumes; a natural generalization of van der Waerden’s 
conjecture to the multivariate case and its relation to mixed volumes will be 
discussed later. 
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